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Quantum spin liquids (QSLs) are exotic phases with intrinsic massive entanglements. Instead
of microscopic spins, fractionalized particles and gauge fluctuations are emergent, revealing QSLs’
exotic natures. Quantum spins with strong spin-orbit coupling on a pyrchlore lattice, for example
Pr2Zr2O7, are suggested to host a U(1) QSL with emergent photons, gapless excitations as well
as emergent monopoles. One of the key issues in QSLs is an interplay between emergent degrees
of freedom of QSLs and conventional degrees of freedom, and we investigate the interplay by con-
structing a general theory of spin-lattice coupling in U(1) QSLs. We find that the coupling induces
characteristic interplay between phonons and photons. For example, photons become qualitatively
more stable than phonons at low temperature. We also propose mechanisms to detect emergent
photons in experiments such as sound attenuation and thermal transport relying on spin-lattice
coupling in U(1) QSLs.
I. INTRODUCTION
Strong correlation between localized spins, induced by
geometric frustration or quantum fluctuation, is an impe-
tus of QSLs. Onsets of conventional order parameters are
prohibited by the correlations, and the Landau paradigm
of phase transitions becomes inapplicable. Instead, novel
concepts and platforms are called for, for example, frac-
tionalized particles, gauge structures, and topological or-
ders, which encodes massive entanglement and non-local
characteristics of QSLs [1–4].
Mysterious natures of QSLs start to be uncovered by
recent advances in experiments. Organic materials, for
example, have been suggested to host fermionic exci-
tations with finite spinon Fermi surfaces [5, 6]. Py-
rochlore lattices with strong spin-orbit couplings are re-
ported to host exotic phases [7–12, 14–16, 18–20]. Es-
pecially, QSLs with U(1) gauge structure are suggested
to be realized in magnetic insulating pyrochlores such as
Pr2Zr2O7 and Yb2Ti2O7 [21–25]. The U(1) gauge struc-
ture indicate emergent electrodynamics out of localized
moments, which allows exotic collective low energy exci-
tations such as emergent photons and monopoles in anal-
ogy with quantum electrodynamics in our universe. We
stress that emergent photons have gapless energy spec-
trum and their presence is one of the hallmarks of massive
entanglements of localized spins. Thus, their identifica-
tion may be direct evidence of exotic quantum matter.
However, recent heat capacity measurements, the one of
the smoking-gun experiment for U(1) QSLs, have an am-
biguity because of nuclear Schottky anomaly [12, 13].
Spin-lattice coupling in QSLs connects exotic excita-
tions from spins and conventional phonons from a lat-
tice, and it is drastically different from one in magneti-
cally ordered phases [17]. Microscopic spins are not useful
concepts in QSLs, and thus the conventional spin-lattice
coupling Hamiltonian is not a good starting point. In-
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stead, it is necessary to find effective spin-lattice cou-
plings in QSLs from the scratch, and thus we construct
a generic phenomenological theory by employing lattice
symmetries and gauge-invariance. Using our generic the-
ories, we show that perturbative calculations are valid
in the deconfined QSLs and find striking consequences
of spin-lattice coupling in U(1) QSLs, for example, qual-
itatively different decay rates of emergent photons and
acoustic phonons. The characteristic behaviors of decay
rates should appear in physical quantities, and we pro-
pose conditions to detect a U(1) QSL with magnetic field
dependence.
II. MODEL: SPIN-LATTICE COUPLED
HAMILTONIAN
Let us consider a generic Hamiltonian with spin and
lattice degrees of freedom,
H =
∑
i,j
Jαβij ({x})Sαi Sβj −Bµext
∑
i
gµνB,iS
ν
i +HL. (1)
An exchange interaction Jαβij ({x}), an external magnetic
field ~Bext, and Zeeman coupling constant tensor g
µν
B,i are
used. The indices (α, β) are for spin components, and
(i, j) are positions of localized spins. A position of Sαi
is decomposed into an equilibrium position, {~Ri}, and a
deviation {~xi} from {~Ri}.
Setting Jαβij ≡ Jαβij ({x = 0}), a pure spin Hamilto-
nian is obtained, HS =
∑
〈i,j〉 J
αβ
ij S
α
i S
β
j −Bµext
∑
i g
µν
B,iS
ν
i .
The exchange term (Jαβij ) is constrained by symmetries of
the system. A lattice Hamiltonian HL consists of a har-
monic term and anharmonic interaction terms. The har-
monic one may be described by H0L =
∑
k,λ
[p−k,λpk,λ
2M +
M
2 ξL,λ(k)
2x−k,λxk,λ
]
with a mass of ions (M). In terms
of creation / annihilation operators, the Hamiltonian be-
comes H0L =
∑
k,λ ξL,λ(k)a
†
k,λak,λ with a polarization in-
dex λ. The anharmonic one contains higher order cre-
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2ation / annihilation operators, HL,anh = O((a, a
†)3). At
long-wave length, acoustic phonons are dominant with
the dispersion relation, ξL,λ(k) = vλ|k|. A typical value
of acoustic-phonon velocities is vλ ∼ 103m/s [26].
We notice that the external magnetic field directly cou-
ples to spins but not to lattice degrees of freedom. It
is particularly useful to consider the regime where the
Zeeman energy is much bigger than spin-exchange but
smaller than the Debye frequency (Jij  µBBext  ωD)
with the Bohr magneton, µB [12, 27–32] . In this regime,
spin degrees of freedom are fully polarized while phonons
are barely affected by the magnetic field. Thus, all dy-
namical quantities are determined by phonons, and thus
phonon-only contributions to the physical quantities can
be extracted.
The position dependent exchange interaction is the
main source of the spin-lattice coupling, and the Taylor
expansion gives,
Jαβij ({x})− Jαβij = (~xij · ∇~r)Jαβij (~r)|~r=~Rij +O(x2),
with ~xij = ~xi − ~xj and ~Rij = ~Ri − ~Rj . Restoring spin
operators, the first-order term becomes,
HL−S =
∑
i,j
(~xij · ∇~r)Jαβij (~r)|~r=~RijSαi S
β
j , (2)
describing a process between one-phonon and two spin
excitations. It is straightforward to consider higher order
terms. In a magnetically ordered state, one can replace
Sαi → 〈Sαi 〉+ δSαi , and the fluctuations can be treated in
the standard way, for example, by using the Primakoff-
Holstein representation[33].
In QSLs, however, the standard approach fails because
mean values vanish. Instead, one needs to construct an
effective Hamiltonian between emergent degrees of free-
dom and phonons. Two criteria are used; gauge invari-
ance and lattice symmetries. The gauge invariance must
be respected since physical observables are gauge inde-
pendent. Gauge invariant operators include emergent
electric / magnetic fields (~e,~b), densities (ρe, ρb), and cur-
rents (~je,~jb) of emergent electric / magnetic monopoles.
Lattice symmetries assign quantum numbers to gauge in-
variant operators. For example, magnetic monopole den-
sity breaks inversion and time reversal symmetry (see
Table I). Lattice symmetries enforce strain tensor as a
key ingredient of lattice degrees of freedom. Acoustic
phonons are dominant at low energy, and all couplings
of acoustic phonons appear with strain tensor because
acoustic phonons are Goldstone bosons.
To be specific, let us consider a system with cubic,
time-reversal (TRS), and inversion (Inv) symmetries, mo-
tivated by pyrochlore systems. The presence of the triplet
representation (T ) of the cubic group is particularly use-
ful because it can be treated as a ‘vector’ of the cubic
group. The strain tensor, Pmn ≡ 12 (∂mxn+∂nxm), con-
tains the two indices (m,n) of the T representations, and
one can use the relation, T ⊗ T ⊗ T ⊗ T = 1 ⊕ + · · · to
ρE ρM ~ε ~b ~jE ~jM
TRS + − + − − +
INV + − − + − +
TABLE I. Symmetry properties under time-reversal symme-
try (TRS) and inversion (INV).
find the trivial representation. By using the fact that ~e,~b
are in the T representation, we find one coupling term,
HL−ν =
∫
x
Pmn
[
gbc
2bmbn + geemen
]
. (3)
As in the low temperature limit, the Umklapp pro-
cess is naturally suppressed, we are going to focus on
the normal process and we adopt the continuum nota-
tion for simplicity, hereafter. Note that it is easy to in-
corporate the Umklapp process in the low energy effec-
tive theory level as discussed in previous literatures [34].
Each term describes a scattering between two-photons
and one-phonon. Note that
∫
x
Pmn(∂mbn + ∂mbn) is for-
bidden by TRS, and
∫
x
Pmn(∂men+∂men) is suppressed
by energy-momentum conservation (see below).
The same principles of gauge-invariance and lattice
symmetries apply to all other physical operators. With
emergent electric monopole, E-particles, the coupling
term is
HL−e =
∫
x
Pmn
[
jme j
n
e + ∂
mρe∂
nρe + · · ·
]
,
which describes four electric monopoles and one phonon
process. Coupling constants in LHS terms are implicit
and, similarly, one can construct the coupling between
acoustic phonons and magnetic monopole, M-particles,
HL−b, as well as higher order terms. Remark that our
construction can be easily extended to systems with other
symmetry groups.
The external magnetic field effects in QSLs can be sim-
ilarly obtained. Since the external field does not directly
couple to the lattice degrees of freedom, one can focus on
couplings to emergent degrees of freedom of spins. The
external magnetic field is also in the T representation
breaking TRS, and it only couples to emergent magnetic
field, HZ = −
∫
x
gµνZ b
µ(x)Bνext. It is obvious that a uni-
form external magnetic field induces a uniform emergent
magnetic field ~b0 6= 0. The uniform field does not change
the dynamics of photons, but it affects E-particles’ dy-
namics significantly similar to the case of electrons un-
der magnetic fields. Thus, it is important to keep E
particle dynamics in the discussion of external magnetic
field dependence, and the energy gap of E particles shifts
under ~Bext as in the Landau level of electrons, giving
∆E(Bext) = ∆E + |gµνZ Bµext| in the weak magnetic field
limit. The coupling constant gµνZ is related with the mass
and charge of E-particles.
We first consider stability of the QSLs under the spin-
lattice coupling. Monopole excitations in U(1) QSLs are
3gapped, so one can focus on acoustic phonons and emer-
gent photons for the stability of U(1) QSLs. Moreover,
we ignore anharmonic interactions of phonons and com-
pactness of U(1) gauge fields for now to see intrinsic ef-
fects of spin-lattice coupling and check its self-consistency
later.
The effective Hamiltonian of acoustic phonons and
emergent photons is
Heff =
∫
x
( ~b 2
2µ0
+
0~ε
2
2
)
+HL +HL−ν (4)
with emergent permittivity and permeability 0, µ0. Lin-
ear dispersion relations of the two excitations, ξL(k) =
v|k| and ξν(q) = c|q|, allow a scale analysis with [x] =
−1 and a dynamical critical exponent. Imposing z =
[Heff ] = 1, we find
[~b] = [~ε] = [Pab] = 2, → [ge,b] = −2,
and it is clear that the coupling constants are irrelevant in
the renormalization group sense. Therefore, U(1) QSLs
is stable under spin-lattice coupling, and their properties
can be understood by perturbative calculations.
The stability analysis allows us to incorporate effects
of the anharmonic terms and compactness of U(1) QSLs.
The anharmonic term is associated with a cubic term
such as xaxbxc. Note that gauge invariance and lattice
symmetries prohibit interaction terms with an odd num-
ber of the emergent electromagnetic fields. Simple power
counting shows that the two operators are irrelevant, and
the perturbative analysis should be valid.
III. DECAY RATE OF PHOTONS AND
PHONONS
Next, we calculate decay rates of the two excitations,
emergent photons and acoustic phonons under the scat-
tering mechanism of HL−ν . Even though the two exci-
tations have the linear dispersion relation at long wave
length, their velocities are fundamentally different be-
cause a phonon velocity is associated with Debye fre-
quency (ωD) and one of emergent photons is associ-
ated with typical spin-exchange interactions which are
much smaller than the Debye frequency. For exam-
ple, pyrochlore structures have typical phonon velocity
vL ∼ 103m/s and their emergent photon velocities are
estimated to be c ∼ 10m/s. Therefore, a dimensionless
parameter α ≡ vc  1 is naturally introduced. Note
that the non-unity velocity ratio significantly constrains
phase spaces of phonon-photon scattering, which makes
the coupling term,
∫
x
Pmn(∂men + ∂nem), disallowed be-
cause ξL(k) = ξν(k) works only at k = 0 point which
is negligible in the phase space, as in the optical ex-
periment where speed of light is highly mismatched to
velocities of elementary excitations.
The only allowed scattering process between two-
L creation L annhilation
⌫ annhilation⌫ creation
FIG. 1. Characteristic scattering mechanisms between
phonons and emergent photons under spin-lattice coupling.
Wavy lines are for emergent photons (ν) and straight lines
are for acoustic phonons (L). Gauge invariance and lattice
symmetries prohibit other channels.
photons and one-phonon from HL−ν is
(~k, λ′′;L)⇔ (~q, λ; ν) + (~q ′, λ′; ν)
constrained by energy and momentum conservations,
ξL,λ′′(~k) = ξν,λ(~q) + ξν,λ′(~q
′), ~q + ~q ′ = ~k (mod ~G)
A reciprocal lattice vector ~G, polarizations (λ, λ′, λ′′) of
the photons (ν) and phonon (L) are explicitly shown.
In the normal process (~G = 0), we find that |~k|  |~q|
because of α  1. Precise values of the velocity ratio α
depends on polarizations, but one can use the condition
α 1 for all polarizations. It is easy to show that other
processes, for example
(~q, λ; ν) + (~k, λ′;L)⇔ (~q + ~k, λ′′; ν), (forbidden)
is forbidden because of the condition (ξν(~q) + ξL(~k) 6=
ξν(~q+~k)). Therefore, the scattering process only appears
when the two photons move almost oppositely.
Decay rates of the two excitations are calculated by us-
ing the Fermi-Golden rule, Pi→f = 2pi~ |〈f |HL−ν |i〉|2 δ[ξ],
between the initial state, |i〉 = |(~k, λ′′;L)〉, and the fi-
nal state, |f〉 = |(~q, λ; ν) + (~q ′, λ′; ν)〉. The schematic
delta function is for the energy conservation, (δ[ξ] ≡
δ(ξL,λ′′(~k) = ξν,λ(~q) + ξν,λ′(~q
′))). Hereafter, the polar-
ization indices are implicit.
We find the phonon decay rate,
1
τL(k)
=
∫
q
|M |2δ([ξ])(1 + nB(ξν(~q)) + nB(ξν(~k − ~q))),
and the photon decay rate,
1
τν(q)
=
∫
k
|M |2δ([ξ])(nB(ξν(~k − ~q))− nB(ξL(~k))).
4The distribution factors in above expressions are ob-
tained by the difference between the creation and the an-
nihilation process whose distribution factors are nB(ξν),
nB(ξL) for photons and phonons respectively. For the
photon decay rates, distribution factors are determined
by
nB(ξν)(1 + nB(ξL))− (1 + nB(ξν))nB(ξν)
= nB(ξν)− nB(ξL),
where the first (second) term for the creation (annihi-
lation) processs of the photon. Similarly, distribution
factor in phonon decay rates can be understood,
(1 + nB(ξν,1))(1 + nB(ξν,2))− nB(ξν,1)nB(ξν,2)
= 1 + nB(ξν,1) + nB(ξν,2).
The matrix elements (|M |) is obtained by the Fourier
transformation of HL−ν whose scaling dimension is
[M ] = 3/2, determined by the scaling analysis of HL−ν .
Notice that the phase space factors in the two decay
rates are qualitatively different. The phase space fac-
tor of phonons (1 + nB(ξ1) + nB(ξ2)) is from the dif-
ference between the decay process with a factor (1 +
nB(ξ1))(1 + nB(ξ2)) and the creation process with a fac-
tor nB(ξ1)nB(ξ2) as shown in Fig. 1(a). The one of the
photons is obtained by the difference between the decay
process with a factor nB(ξ1)(1+nB(ξ2)) and the creation
process with a factor (1+nB(ξ1))nB(ξ2) as shown in Fig.
1(b).
Note that the decay rates can be equivalently obtained
by evaluating the imaginary parts of the self-energies of
photons and phonons (see appendix). We find the decay
rates with two dimensionless functions (fL and fν),
1
τL(k)
= cg2e
(
T
c
)5
fL
(
ξL(k)
T
, α; gb, ge
)
1
τν(q)
= cg2e
(
T
c
)5
fν
(
ξν(q)
T
, α; gb, ge
)
.
Asymptotic behaviors of the dimensionless functions
are as follows. The phonon function shows fL(x) ∝ α2x4
for x  1, fL(x) ∝ α3x5 for x  1, and the pho-
ton function shows fν(x) ∝ α−5x4 for x  1 and
fν(x) ∝ α−4x5e−x for x  1. In the low temperature
limit, decay rate shows quantitatively different behaviors.
Explicit forms of the two functions are presented in the
appendix.
The decay rates of phonons and photons show qual-
itative differences. In the limit of T  ξL(k), ξν(q),
the phonon decay rate is bigger than the temperature
independent term, τ−1L > c0|k|5 with a positive con-
stant c0 because of suppression of exponential terms
in 1 + nB(ξν,1) + nB(ξν,2) while the photon decay rate
shows τ−1ν ∝ e−
ξν (q)
T . Such qualitatively different de-
cay rates are originated from different phase spaces.
Namely, the phonon decay rate has the phase space,
1 + nB(ξ1) + nB(ξ2), and it is obvious the temperature
independent term dominate over the other terms at low
temperature. On the other hand, the phase space of the
photon decay rate has the factor (nB(ξ1)−nB(ξ2)), which
always contain the Boltzmann factor, e−
ξν (q)
T . There-
fore, at low temperature, the photons are qualitatively
more stable than the phonons. Accordingly, the mean
free path of the photon (lν(q) ≡ cτν(q)) is much longer
than one of the phonons (lL(q) ≡ vτL(q)) at low temper-
ature, lν(q) lL(q), under the spin-lattice coupling.
We emphasize that external magnetic field depen-
dences of the decay rates are also characteristic. At low
temperature (T  ∆E), one can treat E-particles semi-
classically with the Maxwell distribution function. The
semi-classical analysis with the Mattiessen’s rule may be
applied and the phonon decay rate receives corrections
from thermal excitations of E-particles
1
τL(k)
> g2e,b|k|5 + hL(k, T )e−
2∆E(Bext)
T ,
while the photon decay rate becomes
1
τν(q)
∝ g2e,b|q|5e−
ξν (q)
T + hν(q, T )e
−∆E(Bext)T .
Explicit forms of the well-defined functions, hν,L, are pre-
sented in the appendix. At low temperature, it is obvi-
ous that emergent photons are much more sensitive than
phonons. In the photon decay rate, the spin-lattice and
external magnetic fields contribute with the Boltzmann
factors, and thus photons with ξν(q) ∼ ∆E( ~Bext) are sig-
nificantly affected. Remarkably, the photon decay rate de-
creases increasing ~Bext because the excitation energy of
E-particles increases. On the other hand, the decay rate
of the phonons is barely affected by external magnetic
field because the dominant channel is the |k|5 term from
the spin-lattice couplings as well as anharmonic interac-
tion terms. Such weak ~Bext dependence of the phonons
is originated from the absence of the Zeeman coupling
between lattices and external magnetic field.
IV. DISCUSSION AND CONCLUSION
Our decay rate calculations may be applied to thermal
conductivity (κ = 13
∑
q cqv
2
qτq) with external magnetic
field at low enough temperature where acoustic phonons
and the emergent photons become important. Our re-
sults suggest that main carriers of thermal conductivity
are photons because mean free path of photon becomes
much larger than that of phonons in addition to their
larger specific heats. This can be tested by magnetic
field dependences which would show magneto-thermal re-
sistance from the decreased photon decay rate under the
external magnetic field. More detailed thermal transport
calculation will be discussed in other places (see also ap-
pendix).
Furthermore, the characteristic decay rate of the
acoustic phonons in U(1) QSLs may be directly measured
5by sound attenuation experiments which may be com-
plimentary to the heat capacity measurement [35, 36].
Note that previous literature studied sound attenuation
with fermionic spinons with strongly renormalized gauge
fluctuations in two spatial dimensions [37, 38] in sharp
contrast to our discussion. It is important to consider
not only spin-lattice coupling but also anharmonic in-
teraction between phonons. The Mattiessen’s rule give
τ−1L,tot(ω) = τ
−1
L,S(ω) + τ
−1
L,L(ω). The former (τ
−1
L,S) is from
spin-lattice coupling and the latter (τ−1L,L) is from an-
harmonic interactions which behaves as τ−1L,L(ω) ∝ ωT 4
in the limit of ω  T . In the low temperature limit
(T  J) of U(1) QSLs [12, 30, 31] and frequency within
ultrasound range, O(102MHz ∼ 0.01K), only emergent
photons are important among spin degrees of freedom,
and thus our result of τ−1L (ω) ∝ Tω4 can be directly
used for τ−1L,S . Then, we propose that the sound attenua-
tion from photons can be obtained by subtracting sound
attenuations with high magnetic field and without mag-
netic field,
1
τL,tot(ω;Bext = 0)
− 1
τL,tot(ω;Bext →∞) ∝ Tω
4,
which can be understood by the power counting of
phonon self-energy calculations from photons: ω5 from
matrix element and integral measure and distribution
factor gives Tω . The linear T dependence may be the
evidence of the U(1) QSLs.
In conclusion, we present a general theory of spin-
lattice coupling and find characteristic interplay between
phonons and emergent photons. We show that U(1)
QSLs are stable under spin-lattice coupling and calculate
characteristic decay rates of phonons and photons. It is
shown that emergent photons are qualitatively more sta-
ble than phonons at low temperature. We also propose
mechanisms to detect emergent photons in experiments
such as sound attenuation and thermal transport.
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1Appendix A: Decay rates
A. Matrix elements
The phonon-photon coupling is
HL−ν =
∫
x
Pab
[
gbc
2babb + geεaεb
]
. (A1)
In terms of normal modes, the electric / magnetic fields are
~b(x) ∝
∑
q,λ
1√
ξνλ(~q)
aqλ(~q × ~λ(q))eiqx + h.c.
~ε(x) ∝
∑
q,λ
1√
ξνλ(~q)
aqλ(ωq~λ(q))e
iqx + h.c.,
and the strain tensor is
∂αxβ ∝ kα
∑
k,λ
1√
ξLλ(~k)
akλ(βλ(k))e
ikx + h.c. (A2)
with ~ represents polarization vector of photon(phonon). The coupling term becomes
HL−ν ∼
∫
x
∑
k,q,q′
qq′k√
ξνλ(~q)ξνλ′(~q′)ξLλ′′(~k)
(aqλ + a
†
qλ)(aq′λ′ + a
†
q′λ′)(akλ′′ + a
†
kλ′′).
The matrix element is
M ∼ qq
′k√
qq′k
→ [|M |] = 3
2
. (A3)
B. Phase space
The different velocities makes characteristic α dependences of phase space of photons and phonons. Let us first
consider the phase space of phonons, ∫
q
δ
(
(ξL(~k)− ξν(~q))2 − ξν(~k − ~q)2
)
=
∫
q
δ
(
v2k2 − c2k2 − 2vckq + 2c2kq cos(θ))
=
∫ k(α+1)/2
k(α−1)/2
dq
q
2c2k
=
k
4c2
α. (A4)
On the other hand, the photon phase space is∫
k
δ
(
(ξL(~k)− ξν(~q))2 − (ξν(~k − ~q))2
)
=
∫
k
δ
(
v2k2 − c2k2 − 2vckq + 2c2kq cos(θ))
=
∫ 2q/(α−1)
2q/(α+1)
dk
k
2c2q
=
q
4c2
(
4
(α− 1)2 −
4
(α+ 1)2
)
=
q
4c2
16α
(α2 − 1)2 . (A5)
This calculation indicates that with a same momentum, phonon decay phase space is much wider than one of photons.
2C. Self-energy calculation
1. Photon decay rate
With the dispersion relations, ξν(~q) = cq, ξL(~k) = vk, the photon self-energy from phonon is
→ ΠL→ν = T
∑
kn
∫
k
I1(
(ikn)2 − ξL(~k)2
)(
(iΩ− ikn)2 − ξν(~k − ~q)
2
) ,
where
12I1 =
1
iΩ
(
(−ki∗Lj − kj∗Li)ge(iΩ)νqi(−iΩ + ikn)∗νq−kj(kaL,b + kbLa)ge(−iΩ)∗νqa(iΩ− ikn)νq−kb
+ (−ki∗Lj − kj∗Li)gbc2(~q × ~νq)i(−(~q − ~k)× ~∗νq−k)j(kaLb + kbLa)gbc2(−~q × ~∗νq)a((~q − ~k)× ~νq−k)b
)
.
The polarization indices (Li, ν) are introduced. We are mainly interested in physics independent of polarizations,
so we average over all polarizations.
We approximate that velocity of longitudinal phonon modes is same as the velocities of transverse phonon mode
for simplicity of calculation. Qualitative results of our calculations, for example powers of temperature depen-
dences, are correct though quantitative results would be affected by the approximation. We use sum-rule for
phonon,
∑
L.pol Li
∗
Lj = δij where the summation is over the transverse and the longitudinal mode, and for photon,∑
ν.pol νqi
∗
νqj = δij − qiqjq2 = Pij(~q) = Pji(~q) where the summation is over the transverse modes,
ΠL→ν =∫
k
g2e(iΩ)
12
(
2kikaPia(~q) + 2kakjPia(~q)Pji(~q − ~k) + 2kjkbPjb(~q − ~k)
)
T
∑
kn
−(iΩ− ikn)2
((ikn)2 − ξL(~k)2)((iΩ− ikn)2 − ξν(~k − ~q)2)
+
∫
k
g2b c
4
12
(
(~k × ~q)2(2q2 + 2(~q − ~k)2) + 2(~q × (~k × ~q)) · ((~q − ~k)× (~k × ~q))
)
T
∑
kn
−1
iΩ((ikn)2 − ξL(~k)2)((iΩ− ikn)2 − ξν(~k − ~q)2)
.
3With the analytic continuation (iΩ→ ξν(~q) + iη+), we obtain the imaginary part of the self-energy,
Im(ΠL→ν) =∫
k
g2eξν(~q)
12
(
2kikaPia(~q) + 2kakjPia(~q)Pji(~q − ~k) + 2kjkbPjb(~q − ~k)
)
×
nB (ξL(~k))
(
ξν(~q)− ξL(~k)
)2
2ξL(~k)
δ
(
(ξL(~k)− ξν(~q))2 − ξν(~k − ~q)2
)
+eβξL(
~k)nB
(
ξL(~k)
) (ξν(~q) + ξL(~k))2
2ξL(~k)
δ
(
(ξL(~k) + ξν(~q))
2 − ξν(~k − ~q)2
)
+nB
(
ξν(~k − ~q)
) ξν(~k − ~q)
2
δ
(
(ξν(~q) + ξν(~k − ~q))2 − ξL(~k)2
)
+eβξν(
~k−~q)nB
(
ξν(~k − ~q)
) ξν(~k − ~q)
2
δ
(
(ξν(~q)− ξν(~k − ~q))2 − ξL(~k)2
)]
+
∫
k
g2b c
4
12
(
(~k × ~q)2(2q2 + 2(~q − ~k)2) + 2(~q × (~k × ~q)) · ((~q − ~k)× (~k × ~q))
) 1
4ξν(~q)ξL(~k)ξν(~k − ~q)
×
[(
nB
(
ξL(~k)
)
− nB
(
−ξν(~k − ~q)
))
δ
(
ξL(~k) + ξν(~k − ~q)− ξν(~q)
)
−
(
nB
(
−ξL(~k)
)
− nB
(
−ξν(~k − ~q)
))
δ
(
−ξL(~k) + ξν(~k − ~q)− ξν(~q)
)
−
(
nB
(
ξL(~k)
)
− nB
(
ξν(~k − ~q)
))
δ
(
ξL(~k)− ξν(~k − ~q)− ξν(~q)
)
+
(
nB
(
−ξL(~k)
)
− nB
(
ξν(~k − ~q)
))
δ
(
−ξL(~k)− ξν(~k − ~q)− ξν(~q)
)]
=
g2ec
48
(
T
c
)5
f1(~y) +
g2b c
48
(
T
c
)5
f2(~y) = cg
2
e
(
T
c
)5
fν
(
ξν(~q)
T
, α; gb, ge
)
,
where ~x = c
~k
T , ~y =
c~q
T and
f1(~y) =
∫
x
y (2xixaPia(~y) + 2xaxjPia(~y)Pji(~y − ~x) + 2xjxbPjb(~y − ~x)) (n(αx) + n(αx− y))αx− y
αx
δ(αx− |~x− ~y| − ~y),
f2(~y) =
∫
x
(
(~x× ~y)2(2x2 + 2(αx− y)2) + 2(~y × (~x× ~y)) · ((~y − ~x)× (~x× ~y))) nB(αx− y)− nB(αx)
αxy(αx− y) δ(αx− |~x− ~y| − ~y),
and leading behaviors are in large y and small y limits respectively,
f1(y  1) ' 192piy
4
α5
, f2(y  1) ' 256piy
4
3α5
,
f1(y  1) ' 128piy
5
α4
e−y, f2(y  1) ' 512piy
5
3α4
e−y.
The overall profile of the functions (f1, f2) are illustrated in Fig. A1.
Photons also scatter with E-particles. Interaction Hamiltonian is Hν−E
((
~p− ec~a
)2
, ...,∆E
)
where ~p, e, ∆E is
momentum, gauge charge and mass of E-particle respectively. In counting of photon self-energy from E-particle in a
diagramatic way, diagram must contain even number(2n) of E-particle propagator generally. Since E-particle mass
is the largest scale in Hν−E and temperature is much lower than this mass scale, one can see that every diagram
containing 2n of E-particle propagator is proportional to e−n
∆E
T regardless of dispersion relation of E-particle. For
more quantitative calculation, we assume the simplest quadratic Hamiltonian of E-particle,
Hν−E = ∆Ec2 +
1
2∆E
(~p− e
c
~a)2,
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FIG. A1. f1(~y) and f2(~y) with α = v/c = 10. The blue (red) line is for f1 (f2).
with E-particle current, ~jE =
−ie
2∆Ec
(ϕ∗~∇ϕ − ϕ~∇ϕ∗). ∆E and e are mass and gauge charge of E-particle. Photon
self-energy from E-particle is,
→ ΠE→ν(~q) = T
∑
pn
1
iΩ
(
e
2∆Ec
)2 ∫
p
(2~p+ ~q)2
1
ipn + iΩ− ξE(~p+ ~q)
1
ipn − ξE(p) ,
where ~q is photon momentum and ξe(~p) = ∆Ec
2 + p
2
2∆E
. In the same process with phonon case, imaginary part of the
self-energy is
Im(ΠE→ν) = e−
∆Ec
2
T (1− e− cqT )∆E
cq2
(
e
2∆Ec
)2
2pi
∫ ∆Ec∣∣∣∆E(c− q2∆E )∣∣∣ dp p(4p2 + 4∆Ecq − q2)e−
p2
2∆ET .
In the last equality, cut-off is introduced to regularize divergence coming from artificial dispersion relation which is
valid in small momentum limit. One can see that life-time corrected by E-particle proportional to e−
∆E
T in the unit
of c = 1.
2. Phonon decay rate
The phonon self-energy from photon is
→ Πν→L = T
∑
qn
∫
q
I2
((iqn)2 − ξν(~q)2)((iΩ− iqn)2 − ξν(~k − ~q)2)
,
5where
12I2 =
1
iΩ
(
(kiLj + kjLi)ge(−iqn)∗νqi(−iΩ + iqn)∗νk−qj(−ka∗Lb − kbLa)ge(iqn)νqa(iΩ− iqn)νk−qb
+(kiLj + kjLi)gbc
2(−~q × ~∗νq)i(−(~k − ~q)× ~∗νk−q)j(−ka∗Lb − kb∗La)gbc2(~q × ~νq)a((~k − ~q)× ~νk−q)b
)
.
One can do similar calculations as in the photon self-energy,
Πν→L =
1
iΩ
∫
q
(
g2e
12
(
2kikaPia(~q) + 2kakjPia(~q)Pji(~q − ~k) + 2kjkbPjb(~q − ~k)
)
T
∑
qn
−(iqn)2(iΩ− iqn)2
((iqn)2 − ξν(~q)2) ((iΩ− iqn)2 − ξν(~k − ~q)2)
+
g2b c
4
12
(
2((~k − ~q)2 + q2)(~k × ~q)2 + 2((~k − ~q)× (~k × ~q)) · (~q × (~k × ~q))
)
T
∑
qn
−1
((iqn)2 − ξν(~q)2)((iΩ− iqn)2 − ξν(~k − ~q)2)
)
,
and the imaginary part is
Im(Πν→L) =
∫
q
g2e
12ξL(~k)
(2kikaPia(~q) + 2kakjPia(~q)Pji(~q − ~k) + 2kjkbPjb(~q − ~k))
×
[
nB (ξν(~q))
ξν(~q)
2
(
ξν(~q)− ξL(~k)
)2
δ
(
(ξν(~q)− ξL(~k))2 − ξν(~k − ~q)2
)
+eβξν(~q)nB (ξν(~q))
ξν(~q)
2
(
ξν(~q) + ξL(~k)
)2
δ
(
(ξν(~q) + ξL(~k))
2 − ξν(~k − ~q)2
)
+nB
(
ξν(~k − ~q)
) ξν(~k − ~q)
2
(
ξL(~k) + ξν(~k − ~q)
)2
δ
(
(ξL(~k) + ξν(~k − ~q))2 − ξν(~q)2
)
+eβξν(
~k−~q)nB
(
ξν(~k − ~q)
) ξν(~k − ~q)
2
(
ξL(~k)− ξν(~k − ~q)
)2
δ
(
(ξL(~k)− ξν(~k − ~q))2 − ξν(~q)2
)]
+
∫
q
g2b c
4
12
(
2((~k − ~q)2 + q2)(~k × ~q)2 + 2((~k − ~q)× (~k × ~q)) · (~q × (~k × ~q))
) 1
4ξν(~q)ξL(~k)ξν(~k − ~q)
×
[(
nB (ξν(~q))− nB
(
−ξν(~k − ~q)
))
δ
(
ξν(~q) + ξν(~k − ~q)− ξL(~k)
)
−
(
nB(ξν(~q))− nB
(
ξν(~k − ~q)
))
δ
(
ξν(~q)− ξν(~k − ~q)− ξL(~k)
)
−
(
nB (−ξν(~q))− nB
(
−ξν(~k − ~q)
))
δ
(
−ξν(~q) + ξν(~k − ~q)− ξL(~k)
)
+
(
nB (−ξν(~q))− nB
(
ξν(~k − ~q)
))
δ
(
−ξν(~q)− ξν(~k − ~q)− ξL(~k)
)]
=
g2ec
48
(
T
c
)5
f3(~x) +
g2b c
48
(
T
c
)5
f4(~x) = cg
2
e
(
T
c
)5
fL
(
ξL(~k)
T
, α; gb, ge
)
,
where
f3(~x) =
∫
y
(2xixaPia(~y) + 2xaxjPia(~y)Pji(~y − ~x) + 2xjxbPjb(~y − ~x)) y(αx− y)
αx
(nB(y) + 1 + nB(αx− y))δ(αx− |~x− ~y| − ~y),
f4(~x) =
∫
y
(
(2(αx− y)2 + 2y2)(~x× ~y)2 + 2((~y − ~x)× (~x× ~y)) · (~y × (~x× ~y))) nB(y)− nB(−(αx− y))
αxy(αx− y) δ(αx− |~x− ~y| − ~y),
and asymptotic behavior is,
f3(x 1) ' 2pix4α2, f4(x 1) ' 8
5
pix4α2,
f3(x 1) ' 1
2
pix5α3, f4(x 1) ' 2
3
pix5α3.
6For the sound attenuation experiments, interesting low frequency limit (ξL = ω  T ) behaviors of 1τL,tot(ω;Bext=0) −
1
τL,tot(ω;Bext→∞) in the main-text can be understood by x  1 limit behaviors of f3, f4. Simple ways to understand
this results as follows. Once scaling out photon and phonon momentums by input frequency (ω), the power counting
of phonon self-energy calculations from photons gives ω5 from matrix element and integral measure and distribution
factor gives Tω .
The overall profile of the functions (f3, f4) are illustrated in Fig. A2.
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FIG. A2. f3(~x) and f4(~x) with α = v/c = 10. The blue (red) line is for f3 (f4).
Along the same line with photon case, phonon life-time is also corrected by E-particle with the Hamiltonian,
HL−e =
∫
x
Pαβ [jαe jβe + ∂αρe∂βρe],
and we are going to ignore the second term because it contains more derivative. Leading contribution diagram is,
→ΠE→ν =
4 · 3
2
g2LE
iΩ
1
2
∑
pol
∫
p1,p2,p3
(
e
2∆Ec
)4
(kaLb + kbLa)(p1a + p2a)(p3b + p4b)(kc
∗
Ld + kd
∗
Lc)(p1c + p2c)(p3d + p4d)
× T 3
∑
pn,pl,pm
1
ipn − ξe(~p1)
1
ipl − ξe(~p2)
1
ipm − ξe(~p2)
1
ipn − ipl + ipm − iΩ− ξe(~p4) ,
where ~k is phonon momentum and ~p4 = ~p1− ~p2 + ~p3−~k, 4·32 is from combinatorics. Imaginary part of the self-energy
is,
Im(ΠE→ν) =
− 6g
2
LE
iΩ
1
2
∑
pol
∫
p1,p2,p3
(
e
2∆Ec
)4
(kaLb + kbLa)(p1a + p2a)(p3b + p4b)(kc
∗
Ld + kd
∗
Lc)(p1c + p2c)(p3d + p4d)
× (nB(ξe(~p1))− nB(ξe(~p4))) (nB(ξe(~p2))− nB(−ξe(~p4) + ξe(~p1)))(nB(ξe(~p3))− nB (ξe(~p4)− ξe(~p1) + ξe(~p2)))
δ
(
ξL(~k)− ξe(~p1) + ξe(~p2)− ξe(~p3) + ξe(~p4)
)
.
7If T  ∆Ec2,
nB(ξe(~p1))− nB(ξe(~p4)) ' e−
∆Ec
2
T (e
− p
2
1
2∆ET − e−
p24
2∆ET ),
nB(ξe(~p3))− nB(ξe(~p4)− ξe(~p1) + ξe(~p2)) ' e−
∆Ec
2
T (e
− p
2
3
2∆ET − e−
p24
2∆ET
+
p21
2∆ET
− p
2
2
2∆ET ),
nB(ξe(~p2))− nB(−ξe(~p4) + ξe(~p1)) ' e−
∆Ec
2
T e
− p
2
1
2∆ET − 1
e
p21
2∆ET
− p
2
4
2∆ET
−1
.
Therefore,
Im(ΠE→ν) ' 6e
4g2LE
v2c10
(
2∆Ec
2
T
) 5
2 T 10
k
e−2
∆Ec
2
T f( ~K,
∆Ev
2
T
),
where
f( ~K,
∆Ev
2
T
) =
1
2
∑
pol
∫
P1,P2,P3
(KaLb +KbLa)(P1a + P2a)(P3b + P4b)(Kc
∗
Ld +Kd
∗
Lc)(P1c + P2c)(P3d + P4d)
× (e−P 21 − e−P 24 )(e−P 23 − e−P 24 +P 21−P 22 ) 1
eP
2
1−P 24 − 1δ(K − P
2
1 + P
2
2 − P 23 + P 44 ),
with ~K = v
~k
T ,
~Pi=1,2,3 =
~pi√
2∆ET
, ~P4 = ~P1 − ~P2 + ~P3 −
√
T
2∆Ev2
~K. In the last equality, we ignored the first term in
nB(ξe(~p2))− nB(ξe(~p2)). Phonon life-time correction is proportional to e−2
∆E
T in the unit of c = 1.
Appendix B: Boltzmann equation
We employ the Boltzmann transport for thermal conductivity calculation. The thermal conductivity is related to
the entropy production,
1
κtot
~U2tot
T
= s˙scatt = s˙L−ν + s˙L−boundary + s˙ν−boundary.
The total heat current is ~Utot = ~UL + ~Uν , and s˙p−q is the entropy production rate with a scattering between p and q
degrees of freedom. Recall that we ignore E, M particles by considering T  ∆E,M and assume clean enough systems
ignoring impurity scatterings.
At low enough temperature , all scattering except boundary ones are suppressed scattering mean free paths to be
a system size. Then, the thermal conductivity is determined by specific heat and velocity, which gives,
κν
κtot
=
cνc
cνc+ cLv
→ v
2
c2 + v2
=
α2
α2 + 1
.
Thus, the thermal conductivity is dominated by the photon in the limit of α 1.
Increasing temperatures, scattering from HL−ν becomes important. We introduce a conventional variational ansatz,
nL(ν) = n
0
L(ν) −ΦL(ν)
∂n0L(ν)
∂ξ where n
0
L(ν) is an equilibrium phonon (photon) distribution function. After linearize the
Boltzmann equation, we minimize the thermal resistivity, 1κtot ,
1
κtot
=
1
2T 2
∫
q,q′,k
(
Φν(~q) + Φν(~q′)− ΦL(~k)
)2
Pνν→L δ(3)(~q + ~q′ − ~k)δ(ξL(~k)− ξν(~q)− ξν(~q′))∣∣∣∫q ~vνΦν ∂n0ν∂T + ∫k ~vLΦL ∂n0L∂T ∣∣∣2 ,
where
Pνν→L = 1
3 · 4
∑
pol
(1 + n0ν(q))(1 + n
0
ν(q
′))n0L(k) |Aνν→L|2 .
8The transition rate of the scattering process |Aνν→L|2 is introduced. With HL−ν , the transition rate can be straight-
forwardly obtained by the Fermi-golden rule. Averaging over the polarizations, we obtain the transition rate,
1
12
∑
pol
|Aνν→L|2 = 2pi
12
g2eξν(~q)
2ω2νq′
(
2(q2 + q′2) + 3~q · ~q′ + (~q·~q′)3q2q′2
)
+ 2g2b c
4(~q × ~q′)2(~q − ~q′)2
(2pi)523ξν(~q)ξν(~q′)ξL(~k)
.
We use the ansatz, Φν,L(~q) = (uˆ · ~q)
∑r
m=1 aν,L,mq
2m. Notice that the ansatz captures normal scattering processes,
which is reasonable for low temperature thermal transport. Also, by symmetry, another type of term, (uˆ · ~q)2m, is
allowed, but we numerically check this term is sub-dominant.
Setting c~qT =
~Q, c
~q′
T =
~Q′, c~kT = ~K, we have the final formula to minimize,
1
κtot
=
T 2
(2pi)496c3
∫
Q,Q′,K(1 + n
0
ν(Q))(1 + n
0
ν(Q
′))n0L(αK)(Φ˜ν( ~Q) + Φ˜ν( ~Q′)− Φ˜L( ~K))2A˜νν→L∣∣∣∫Q Φ˜ν( ~Q) ~Q∂n0ν(Q)∂Q + ∫K Φ˜L( ~K)α ~K ∂n0L(αK)∂K ∣∣∣2 ,
with
A˜νν→L =
g2eQ
2Q′2(2(Q2 +Q′2) + 3 ~Q · ~Q′ + (~Q· ~Q′)3Q2Q′2 ) + 2g2b ( ~Q× ~Q′)2( ~Q− ~Q′)2
αQQ′K
δ(3)( ~Q+ ~Q′ − ~K)δ(Q+Q′ − αK),
Φ˜ν,L( ~Q) = (uˆ · ~Q)
r∑
m=0
a˜m(ν,L)Q
2m.
Remark that the temperature dependence is κtot ∝ 1T 2 , which can be also obtained by scaling analysis. The tem-
perature dependence can be understood by counting dimensions of specific heat (cν,L ∝ T 3) and the decay rate
(τ−1 ∝ T 5).
and we find that the case with the phonons in equilibrium has much smaller thermal resisvitiym which demonstrates
that the thermal conductivirt is mainly carried by emergent photons.
To determine main carriers, we use two sets of ansatz, 1) phonons in equilibrium (ΦL = 0) and 2) photons in
equilibrium (Φν = 0). Our numerical calculations up to the order r are as follows,
1/κtot ΦL = 0 Φν = 0
r = 0 9.791× 10−5 9.791× 10
r = 1 8.833× 10−5 4.359× 10
r = 2 7.594× 10−5 2.784× 10
and we conclude that the case with the phonons in equilibrium has much smaller thermal resistivity which demonstrates
that the thermal conductivity is mainly determined by emergent photons.
